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Abstract 

We consider how to obtain a nontrivial two-qubit unitary transformation purely based on geomet- 
ric phases of two spin-^'s with Ising-like interaction in a magnetic field with a static z-component 
and a rotating xy-component. This is an interesting problem both for the purpose of measuring 
the geometric phases and in quantum computing applications. In previous approach, coupling of 
one of the qubit with the rotating component of field is ignored. By considering the exact two-spin 
geometric phases, we find that a nontrivial two-spin unitary transformation purely based on Berry 
phases can be obtained by using two consecutive cycles with opposite directions of the magnetic 
field and opposite signs of the interaction constant. In the nonadiabatic case, starting with a cer- 
tain initial state, a cycle in the projected space of rays and thus Aharonov-Anandan phase can be 
achieved. The two-cycle scheme cancels the total phases, hence any unknown initial state evolves 
back to itself without a phase factor. 
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I. INTRODUCTION 



In some circumstances, when a Hamiltonian undergoes a cyclic evolution, the quantum 

state picks up a geometric phase in addition to the dynamical phase. The adiabatic geometric 

phase, called Berry phase, is accumulated in an instantaneous eigenstate of an adiabatically 

varying Hamiltonian that is cyclic in the parameter space The nonadiabatic geometric 

phase, called Aharonov-Anandan phase, is the geometric part of the phase accumulated in 

I I 

a state which is cyclic in the projected space of rays [2j. The last two decades witnessed 
many fascinating applications of geometric phases in many areas of physics [si], most of 
which use geometric phases of single particles or spins. In recent years, new perspectives 
were opened in considering their possible applications in quantum computing, motivated by 
their insensitivity to dynamical details 4|. This so-called geometric quantum computing 



a. 



shares some features with, though not as robust as, topological quantum computing 
The uses of both the usual Abelian geometric phases jy, 7, s| and the non-Abelian geometric 
phases jsl were proposed. Nonadiabatic error in quantum computing based on Berry phases 



was analyzed 



lOt ] . One approach to realizing geometric quantum gates uses optical control 



in the computational Hilbert space together with ancillary states 

Here we examine another approach, namely, the direct use of an interacting two-qubit 
Hamiltonian to construct nontrivial two-qubit unitary transformation purely based on geo- 
metric phases. In this approach, Hamiltonian involves only the computational Hilbert space, 
without ancillary space. For isotropic Heisenberg interaction, however, it is impossible to 
construct a nontrivial two-qubit transformation purely based on Berry phases, or purely 
based on Aharonov-Anandan phases if the two qubits have equal gyromagnetic ratios, as 

rn 

the Hamiltonian is too symmetric [12j. Another form of the interaction that often appears 
in quantum computing implementations is the Ising interaction, which is an approximation 
to the isotropic Heisenberg interaction in the liquid NMR 13|, and can also be realized in 
cold atoms in optical lattices fl3 |. Josephson junction circuits 15], and so on. Ising inter- 
action was used in a pioneering construction of conditional phase gate based on geometric 
phases jg], which pointed out that a crucial issue is to cancel the dynamical phases. Never- 
theless, as explained in the next section, the treatment, followed by some other papers, is 
unsatisfactory. 



In this paper, we reexamine the general situation of two Ising-interacting spin-^'s equally 
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coupled with a rotating magnetic field, and construct a unitary transformation purely based 
on the geometric phases of the two-body system, rather than reduce it to geometric phases 
of a single spin. For adiabatic case, we discuss a two-cycle scheme using two cycles with 
opposite directions of the field and opposite signs of the Ising interaction constant. At the 
end of these two cycles, the dynamical phases are always canceled, so that the phases become 
purely geometric. Consequently, one obtains a unitary transformation purely based on Berry 
phases, which can act on any unknown initial state. For Aharonov-Anandan phases, the 
analogous two-cycle scheme yields a unity transformation, i.e. any unknown initial state 
evolves back without a phase factor. 

The rest of the paper is organized as follows. The Hamiltonian and the problem are in- 
troduced in Sec. II. The adiabatic evolution is discussed in Sec. III. In this section, after the 
calculation of Berry phases in instantaneous eigenstates in Subsec. A, a unitary transforma- 
tion purely based on Berry phases is constructed by using a two-cycle scheme in Subsec. B. 
In Sec. IV, we study the exact evolution without the adiabatic condition. Following the 
exact solution of the Schodinger equation in Subsec. A, the cycling and Aharonov-Anandan 
phases are discussed in Subsec. B, for initial states which are prepared to be eigenstates 
of a certain time-independent Hamiltonian. The two-cycle scheme for Aharonov-Anandan 
phases is discussed in Subsec. C. Summary and discussions are given in Sec. V. We set h — 1 
throughout this article. 

II. THE HAMILTONIAN 

The magnetic field B has a static component of magnitude B along z direction and a 
rotating component of magnitude Bi on xy plane. It can be written as 

B = Bi coscuitx + Bi sinc^ity + B z, 

where x, y and z are unit vectors along these three directions, io\ is the angular velocity of 
the rotation of the ^-component of the field. 

For two Ising-interacting spin-|'s in this magnetic field, the Hamiltonian can be written 

as 

H(t) = Ho + H a i + Hbi, (1) 
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with 

7^0 = -ji^aQ^az + ^bO^bz + J^az^bz), (2) 

H al = — {a ax cos io x t + a ay sin u x t) . (3) 

Tio, which is time- independent, includes the coupling of the two spins with the static z- 
component of the field, as well as the Ising interaction between them. TC a i, which is time- 
dependent, is the coupling of spin a (a = a, b) with the rotating xy-component of the field. 
u a0 = —n a B , T a = —K a B x , n a is the gyromagnetic ratio of spin a. The variation period of 
the Hamiltonian is r = 2k/ U\. 

Previous approach is the following Q]. Starting with a basis state \o az Ob z )i in which 
each spin is along z direction, a az is regarded as conserved, while \<Jbz) is transformed by a 
geometric phase conditional on the value of a az . In this approach, the Hamiltonian is actually 
regarded as block diagonal with respect to a az , i.e. H a i is completely ignored. In fact, now 
that both spins are coupled with the rotating xy-component of the field, spin a cannot 
remain as an eigenstate of the operator a az . Moreover, Berry phase should be accumulated 
in an eigenstate of the Hamiltonian, rather than in \a az ab z ), which is not an eigenstate of the 
Hamiltonian no matter whether 7i a i is negligible. Consequently the unitary transformation 
based on geometric phases is not diagonal in basis {\a az ab z )}, as described in Ref. Jfij], which 
is problematic even if Ti a i = 0. If H a i = 0, the eigenstate of Ti at t = is \<J az abn), where 
n is the direction along (u b o + Jcr a z)z + Berry phase accumulates in \<J az iT bn ), instead 
of \a az <J bz ), and can be obtained as — n[l — cos Q(cr az )), where Q(a az ) = tan^c^o + Ja az )/Y h . 
In some other papers [3, E|, the coupling of one of the qubits with the rotating component 
of the field was noticed and neglected on the condition that it is far off resonance. 

In the following, we shall focus on the case that the gyromagnetic ratios of the two spins 
are the same, i.e. u a Q = u b0 = u , T a = T b = T. In this case, the two spins are equally 
coupled with the rotating magnetic field, hence none of them can ever be approximated 
as decoupled with the rotating field. Moreover, that the two qubits are identical is also 
convenient for scalable quantum computing. 
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III. BERRY PHASES 



A. Berry phases in instantaneous eigenstates 

Let us first consider the adiabatic limit of the Hamiltonian, and give its instantaneous 
eigenstates, written in terms of the eigenstates \a a z&bz) of the z-component spin operators 
as 

|£„(t)) = X n \ TT) + Vn\ TO + Zn\ IT) + W n \ ||), 

where n = 1, 2, 3, 4. 



One of the eigenstates is just the singlet state 

1 

7i 



\U) = 4(1 U>- I IT)), (4) 



with eigenvalue 

£ 4 = -J/2. (5) 

This can be understood by noting that the Hamiltonian can be written in terms of the total 
spin as TC = uj S z + JS 2 + T(S X cos uit + SySinuit) — J/2, consequently the singlet state 
with total spin S = must be its eigenstate. 

The other three instantaneous eigenstates |£ n (t)'s (n = 1,2,3) are found to be 

1 —2Yp~ iujt 2Ve iujt 

with 

_ 4r 2 AT 2 

n ~ 2 + (2^ + J - 2£ n ) 2 + (-2cuo + J - 2E n ) 2 ' (?) 
The corresponding eigenvalues, satisfying (2E n f - J{2E n ) 2 - (J 2 + 4^ + 4r 2 )(2£' n ) + (J 3 - 



4a; 2 J + 4r 2 J) = 0, are found to be 16] 



s » = ~K + ~), (8) 
where u n 's are solutions of the equation 

v 3 +pv + q = 0, (9) 

with 

P = -(^ + 4^ + 4r 2 ), 

__. 16 . 3 (sr 2 -i 6 ^)j ^ 

y ~~ 27 J 3 



As p < 0, we obtain 



E i = A /-fcos$ + ^, 



E 2 = ^=foos($ + &) + f (11) 



3 

e 3 = x m co S ($-f )+f 



1 a 

$ = - arccosf ; = ). (12) 
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where 

^, 1 /- 9 
<P = - arccosl == 

In the adiabatic limit, each eigenstate evolves as 

len(r)) = e^|a(0)), (13) 

with the total phase factor 

7n = 7^ + 7n, (14) 

where 

it = -EnT (15) 

is the dynamical phase, while 

7n = [ T dt(Ut)\dtUt)} (16) 
is the Berry phase. It is found that 

^ = 2n(\x n \ 2 -\w n \ 2 ). (17) 



Therefore, it is obtained that 

b _ 32T 2 uj (2E n - J) 
" = N n \(2E n - J) 2 -4c^ 2 



for n = 1,2, 3, while 



7 f = 0. (19) 

As an indication that 7^ is geometric, uj\ does not appear in the above expressions of 
7^'s. In fact, uj\t in the Hamiltonian can be replaced as an angle variable 9, thus 



ln = dt(U0)\deU0)), 
Jo 



which is independent of how 9 varies with time. 

The instantaneous eigenstates and Berry phases have already been calculated by Yi and 



Sjoqvist in a different form 



irj 
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B. Geometric transformation of an arbitrary unknown state 



For the purposes of both experimentally detecting geometric phases and the application in 



quantum computing, it is crucial to cancel the dynamical phases, as pioneered in Ref. {(3, 7|. 
With the correct geometric and dynamical phases of this two-body problem, instead of 
the incorrect reduction to a one-body problem, it becomes more nontrivial to cancel the 
dynamical phases. 

First we note that E n depends on Uq and T 2 , while depends on J. When J reverses 
its sign, q reverses sign while p remains unchanged, according to Eq. ffTOl) . Consequently, 
Eq. (II ip indicates that there exist the following relations 

E 1 [-J] = -E 2 [J], 
E 2 [-J\ = -EM 
E 3 [-J] = -E 3 [J], 
E 4 [-J] = -E 4 [J}. 

Then according to expression of |£„) in Eq. ([6]), if T, u and J all reverse signs, and 
|£ 2 ) exchange, while |£ 3 ) and (£4) remain unchanged, i.e., 

|£i[-r,-u;o,-J]> = \£ 2 [r,u Q ,J)), 

ie 2 [-r,-wb,-j]> = iei[r,o;o,J]>, 
|e 3 [-r,-o;o,-J]) = £ 3 [r,u ,J]), 
l&t-r, -wo, -J]) = &[r,u} ,j]). 

According to the expression of 7^ in Eq. (1181) . there exist the following relations 

1/i[-Wo,-J] = liiuoiJ] 

^[-u ,-J] = Tf[w ,J] ^ 

jf[-u ,-J] = t£ [w , J] = 0. 

Note that E^ and thus as well as depend only on the magnitude of T, independent of 
its sign, as implied by the fact that xy-component of the field rotates. 

Now consider an arbitrary initial unknown state |\l/(0)), which evolves under the adia- 
batically varying Hamiltonian. After r, the state becomes 

|*(r)> = U\*(0)), (23) 



where 

U = diag (e i71 , e i72 , e i73 , e i74 ) , (24) 

written in the basis {|£i), (£2), where 7„'s are the total phases as given in Eq. (fl4"j) . 

In the following, we propose a two-cycle method to cancel the dynamical phase 7^ for 
all eigenstates simultaneously, i.e. only the Berry phases 7^'s appear in the final unitary 
transformation, consequently, 

|*(2r)) = U B \*(0)), (25) 

where 

U B = diag(e 2i ^ , e 2 *^ , e 2i ^ , e^* ) . (26) 

with 7^'s given in Eq. ( TT8f) . 

We make the Hamiltonian undergo two consecutive cycles, with the signs of J, ujq and V 
all reversed in the second cycle. The reversal of these signs must be done at the end of the 
first cycle instantaneously. Because of the relations of eigenvalues fl20l) and of instantaneous 
eigenstates (12TI) . under sign reversal of J, u and T, an instantaneous eigenstate at the end 
of the first cycle continues to be an eigenstate in the second cycle, but with the sign of the 
eigenvalue reversed. Consequently, the dynamical phases in the two cycles cancel. 

To comprehend the situation clearly, suppose the state starts as an instantaneous eigen- 
state |£i[r, Uq, «/]). In the first cycle of the Hamiltonian, it remains as the instantaneous 
eigenstate, accumulating a phase jf[u> ,J] — E\[J]t at the end of the first cycle. Then 
T, ljq, J are suddenly switched to — T, —uj , —J, respectively, i.e. the Hamiltonian is 
switched to 7i[— T, — uq, — J] instantaneously. Because |£i[T, ujq, J]) = l&i— r, — c^o, — J]), 
e l (i?l^o,J]-Ei[j]T)^^Y jU Jo, J}) is an eigenstate of the switched Hamiltonian H[—T,—ujo,—J], 
but with eigenvalue E 2 [—J). Therefore this state continues to be an instantaneous eigen- 
state in the second cycle, accumulating a phase 7 2 B [— u)q, — J] — E 2 [—J}r in the second cycle. 
Therefore, the total phase at the end of these two cycles is 

7 f [uo, J] - E 1 [J]r + 7 2 B [-cu , -J] - E 2 [-J]r = 2 7 f [cu , J}. 

The situation is similar if the initial state is |^2[r, Uq, J]), for which the total phase is 
27^0,4 

If the initial state is |^3[T,o;o, J}), the situation is the following. It evolves as an instan- 
taneous eigenstate of the Hamiltonian in the first cycle, accumulating a phase 7^ [ujq, J] — 



S 



E$[J]t. At the end of the first cycle, T, uq, J are instantaneously switched to — r, — ujq, — J, 
respectively Because |£ 3 [r, u , J)) = |£ 3 [— 1\ -u , —J)), g^^^-W^l^r, u , J}) is also 
an eigenstate of the switched Hamiltonian Ti.[— T, — ojq, — J], but with eigenvalue E 3 [—J]. 
Thus this state continues to be an instantaneous eigenstate of the switched Hamiltonian in 
the second cycle, accumulating a phase 7^ [— u , —J] — E 3 [—J]r. Therefore, the total phase 
accumulated in these two cycles are 

7 3 >o, J] - E 3 [J]r + jH-Uo, -J] - E 3 [-J]t = 2 73 > , 4 

The situation is similar if the initial state is |^ 4 [r, cu , J]), for which the total phase in the 
two cycles is 0. 

These four paths, each starting with an instantaneous eigenstate of the Hamiltonian, in 
the two cycles with opposite signs of T, u and J, can be summarized as 

16) 

16) 
16) 
16) 

where each arrow represents a cycle. 

In this way we realize a purely geometric unitary transformation, as described in Eq. fT25D , 
with 

U B = dzag(e 2l ^,e 2i ^,e 2i ^, 1). (28) 

Ub may be used as a two-qubit phase gate, if the logic qubit basis states are encoded as the 
eigenstates |£ n )'s. 

A question may arise why all the signs of T, ujq and J need to be reversed in the second 
cycle, given that neither E n nor 7^ depend on the sign of T, and that E n does not depend on 
the sign of u>o either. The crucial reason is to establish a one-to-one correspondence between 
each instantaneous eigenstate in the first cycle and an instantaneous eigenstate in the second 
cycle, so that if the initial state is an instantaneous eigenstate, it can adiabatically evolve as 
an instantaneous eigenstate throughout the two cycles. Indeed, as implied by the expression 
of the eigenstates in Eq. ([6]), only if signs of all the three quantities are reversed, can 
we establish the equality of each eigenstate of the original Hamiltonian and an eigenstate 
of the switched Hamiltonian, as given in (121|) . Happily, the corresponding eigenvalues of 
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3 i73[r,a;o,J] 



Q i7 4 [r,a;o,J] 



6) 
6) 



6) - 16), 



2i 7; f[r>o,J]|£ 2 ^ 



e 2i 7 f p>o,J]|£ \ 



(27) 



the two Hamiltonians have a same magnitude and opposite signs, as given in (|22|) . Such 
correspondence does not exist if all the signs of the three quantities are not reversed. For 
example, if only the signs of ljq and J are reversed, an eigenstate of the original Hamiltonian 
has nothing to do with any eigenstate of the switched Hamiltonian, although |£ n [r, Uq, J]) 
and |£ n [r, — c<j , — J}) have equal Berry phases and eigenvalues. Therefore, an eigenstate in 
the first cycle does not evolve to an eigenstate in the second cycle with signs of ujq and 
J reversed, consequently, starting as any instantaneous eigenstate, the evolution is not a 
matter of a simple phase factor in the whole process. 

One might wonder why the sign reversal of the V is necessary, as xy-component of the 
field rotates. To avoid this confusion, one should note that the sign reversal of xy-component 
should be done together with the sign reversal of z-component of the field as well as J, such 
that an instantaneous eigenstate in the first continues to be an instantaneous eigenstate in 
the second cycle. 

Additional robustness comes from the situation that the instantaneous eigenvalues are 
constant. This implies that not only there is no restriction on how 9 varies with time in 
each cycle, but also 9 in each cycle does not need to have any relation with that in the other 
cycle. 

Reversing the signs of both ujq and V simultaneously means reversing the direction of the 
total field. J is also controllable and can be reversed in some artificial systems such as cold 
atoms in optical lattices or superconducting qubits in Josephson junction circuits. To give 
an illustrative example demonstrating the feasibility, consider the superconducting charge 
qubits, based on Cooper pair boxes. The sign of the coupling constant J can be reversed 
in some coupling schemes for superconducting charge qubits. For example, in the scheme 
of Averin and Bruder [jjj, two charge qubits are coupled through a variable electrostatic 
transformer, with the effective interaction Jcr az ab z +S(a az +(T bz ), where a az and a bz are simply 
related to the numbers (0 and 1) of Cooper pairs in the boxes, 5 can be set to be zero by 
choosing appropriate values of capacitances, and the coupling constant J can be reversed by 
making suitable change of the gate voltage of the transformer. Now, one may additionally 



also follow the experiment 
charge qubit was observed 



w Leek et al, where Berry phase of a single superconducting 



181 ]. Each Cooper pair box, while remaining in the coupling 



circuit, can be embedded in a one dimensional microwave transmission line resonator 



20j, 



hence coupled to microwave radiation, realizing the coupling of a qubit with a field with 
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both a static and a rotating component in the rotating frame. The coupling with radiation 
does not affect the simplification of the effective coupling in Ref. because the system 
is in the Born-Oppenheimer regime. Consequently, one implements the total Hamiltonian 
H a + 7~Lh + Jv az cr bz , where H a and H b are Hamiltonians of single qubits coupled with the 
rotating field. The reversal of the sign of u can be achieved by changing the gate change, 
while the reversal of the sign of T can be achieved by adding an extra phase in the microwave 
radiation. Note that there may be other implementations realizing our scheme. In principle 
there is no reason that it cannot be done. 



IV. AHARONOV-ANANDAN PHASES 

A. Exact Evolution of an arbitrary initial state 

In this section, we discuss nonadiabatic geometric phases by exactly solving the 
Schrodinger equation 

i§t\m) = n(t)W)), (29) 

where Tl(t) is still as given in Eq. (pQ), but there is no requirement of adiabaticity. 

Because H a i can be written as H a i = l^ e - i ^ t(7 o !Z /2 (T ^ e iuj 1 ta az /2^ total Hamiltonian 
can be rewritten as 

Ti(t) = e"^i* CT -/ 2 ^(o) e ^ 1 * fTaz/2 , (30) 



where 



^(0) = 2 ^o^az + u cr bz + Jcr az a bz + Ld\(y ax + Ldia bx ) (31) 



is the Hamiltonian at t = 0. 
Setting 

|^(t)) = e -5^ 1CT -+ Wl ^)'|^(t)), (32) 

we obtain 

i^m))=n\m)- (33) 



where 



W = ^[(^o - ui)(j az + (u - u)i)a bz + Ja az a bz + u)\o ax + uia bx ] (34) 
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is time- independent. 7i is just the Hamiltonian in the rotating frame. Hence \tp(t)) = 
e~ tHt \ip(0)) . Therefore the solution of the Schrodinger equation Eq. (|29|) . in the original 
frame, is given by 

\if>(t)) =e-3( Wlff " +Wl ^»)* e - < ^*|V'(0)). (35) 
B. Cycling States and Aharonov-Anandan Phases 



Like the case of a single spin in a magnetic field |2|, the state is cyclic in the projected 
space of rays if starting as an eigenstate of 7i. After a cycle, the state picks up a phase factor, 
which is the sum of a dynamical phase and a geometric phase called Aharonov-Anandan 
phase. 

Suppose the initial state, in the original frame, is an eigenstate of 7i, written as 

|*(0)> = \L) EE X n \ rt) + y n \ TO + ~Z n \ IT) + Wn\ II), (36) 

satisfying 

n\L) = E n \£ n ). (37) 

It should be emphasized that though it equals an eigenstate |£ n ) of the rotating-frame 
Hamiltonian, |\l/(0)) and the Aharonov-Anandan phase are in the original frame. At the 
end of this article, we shall comment on its difference with Berry phases in the rotating 
frame. 

Then according to Eq. fl35l) . the state at time t becomes 

\Mt)) = e- lK \e- Wlt ~Xn\ TT) + y n \ TI) + z n \ IT) + e^wnl II)), (38) 

which is always cyclic in the projected space of rays, with period r = 2ir/ui, i.e. the period 
of the Hamiltonian. Because uj\t = 2tt, 

\Mr))=e^\U0)), (39) 

where 

/3 n = —E n T, (40) 
is the total phase accumulated in each cycling period. 

& = # + (41) 
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where the dynamical phase is 



(3 d n = - (Mt)\n(t)\Mt))dt 

Jo 

= -E n r-27i(\x n \ 2 -\w n \ 2 ), (42) 



while the Aharonov-Anandan phase /3„ = /3„ — 2j is given by 

= 2vr(|£ n | 2 - |w n | 2 ). (43) 

We now come to the explicit form of the eigenstate of 7i. Note that mathematically 
7i can be obtained from Ti, by replacing ujq as ujq — and setting uo\t as 0. Hence the 
eigenstates of 7i are given by those of TC with u replaced as Uq — uii, and W\t is set to 0. 

One of the eigenstates of H is the singlet state 

ie*> = ^(i ri) - 1 it))) (44) 

with energy E 4 = —J/2, as can be understood by noting that Ti = (uq — u)x)S z + JS 2 + 
T(S X cos U\t + S y sin u\t) — J/2, for which the singlet state with total spin S = must be an 
eigenstate. For n = 1,2, 3, 



1 — 2T 2T 
IU = -3=h x H tt) + l TD + I IT) + — ; : -I U)], (45) 

where 

4r 2 4r 2 

A/" n = 2 + - ^ + - „ (46) 

[2(^o - wx) + J - 2E n f [-2(w - wi) + J - 2£ n ] 2 

The corresponding eigenvalues, satisfying (2E n ) 3 — J(2E n ) 2 — (J 2 + A(uj —uji) 2 + 4T 2 )(2E n ) + 

(J 3 - 4(cj - uji) 2 J + 4T 2 J) = 0, are given by 

E n = l -{y n + J -), (47) 

where u n 's are solutions of the equation 

v 3 +pv + q = 0, (48) 

with 

p = -[^+%- Wl f + 4n 

„ _ 16 t3 , [8r 2 -16(^o-o;i) 2 ]J ^ ' 

<1 - 27 J ^~ 3 
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Therefore 



E 2 



E 3 



Ex 




f cos$ + 
|cos($ + f) + 
Icos($-f) + 



J 

6 • 



J 

6 ■ 



(50) 



where 



1 < g 
= - arccosl , 

3 2^ 



(51) 




(52) 



K[(2E n - J) 2 -4(^o-^) 2 ] 2 



for n = 1, 2, 3, while /3f = 0. 

Note that for any form of interaction, the Aharonov-Anandan phase of a state starting as 
an eigenstate of H = 7^(0) — co>i(cr a2 + <7b z )/2 can always be obtained from the Berry phase 
of the corresponding eigenstate of Tl(t) by replacing uj q as cj — But such correspondence 
does not exist if u a o ^ ojbo or r a ^ IV 

C. Canceling Phases 

In Sec. Ill on adiabatic case, we discussed how to obtain unitary transformation purely 
based on Berry phases, by canceling the dynamic phases through two cycles with opposite 
signs of u , T and J. 

Now one may similarly install two cycles with opposite signs of ujq, uj\, F and J. Then 
it is the total phase, instead of the dynamical phase only, that is canceled. This is because 
starting as an eigenstate of H, —E n r is the total phase in a cycle. Reversing the sign 
of means reversing the direction of rotation of the xy component of the field. In the 
superconducting charge qubit as studied in [18| , the reversal of oj\ can be realized by reversing 
the sign of the phase of the microwave field. 

Consequently, after such two cycles, one can realize 



for an arbitrary unknown state. Hence for an arbitrary initial state, one realizes a cycle with 
no phase factor, with period 2r. Therefore, in this way, one cannot construct a non-trivial 
two-qubit gates based on Aharonov-Anandan phase. 



|V(2r)> = \m) 



(53) 
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Besides, for J ^ 0, it is impossible to cancel the dynamical phases only by choosing 
appropriate parameter values in one cycle, shown as the following. In order that (3% = 0, 
E a r = —fin has to be satisfied. Then E^ — O, implying J = 0, which is a contradiction. 

V. SUMMARY AND DISCUSSIONS 

To summarize, we have rigorously studied geometric phases, including both Berry phases 
and Aharonov-Anandan phases, of two Ising-interacting spin-|'s in a rotating magnetic 
field. The two spins are equally coupled with the field, hence none of the spins can ever be 
approximated as decoupled with the ^-component of the field. We calculate the geometric 
phases of the whole system. 

For the adiabatic phases, through two consecutive cycles with opposite signs of Uq, F 
and J, the dynamical phases in the four instantaneous eigenstates can be canceled simul- 
taneously, thus one obtains a unitary transformation purely based on Berry phases. The 
simultaneous reversal of the signs of ujq and T is just the reversal of the total magnetic field. 

We have also studied the exact evolution of the state under the time-dependent Hamil- 
tonian, without the adiabatic condition. If the initial state is an eigenstate of the time- 
independent Hamiltonian H given in Eq. (J34l) . then the state is always cyclic with a phase 
factor, which is a sum of the dynamical phase and the Aharonov-Anandan phase. Through 
two consecutive cycles with opposite signs of u>o, u)\, V and J, the total phase factor, rather 
than the dynamical phase only, is canceled in each path starting as an eigenstate of H. Con- 
sequently, any initial unknown state can evolve back without a phase factor, i.e. one realizes 
the cycle in the full Hilbert space, rather than in the projected space of rays. Reversal of the 
signs of these quantities can be realized in some artificial systems, e.g. the superconducting 
qubits. 

For two spins with Ising interaction, both the Berry phases and Aharonov-Anandan 
phases depend on the interaction constant J, in contrast with the case of isotropic Heisenberg 
interaction [12|], which is conserved in any eigenstate of H.(t) or H. In the present case, the 
Ising interaction is not conserved in any eigenstate of Hit) or H. 

Before finishing this article, we would like to comment on the difference between Berry 
phase in the rotating frame and Aharonov-Anandan phase. The two phases are different 
entities though their expressions may be the same. Aharonov-Anandan phase is a phase in 
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the original frame. In order that the state is cyclic with a phase factor in the original frame, 
a part of which is Aharonov-Anandan phase, the initial state in the original frame is equal to 
an eigenstate of the rotating-frame Hamiltonian 7i, i.e. \ip{0)) = |£ n ), as given in Eq. (J2HD- 
The Berry phase in the rotating frame, on the other hand, is the adiabatic geometric phase 
achieved in the rotating frame, for an initial state in the rotating frame being an eigenstate 
of the rotating-frame Hamiltonian 7i, i.e. ^(O)) = ]£„). The calculation of Berry phase in 
rotating frame follows the usual way of calculating Berry phase, now with Hamiltonian and 
instantaneous eigenstates are all those in the rotating frame. The phases observed in Ref. [3] 



and in Ref. 



. In Ref. 1121. it was noted 



181 ] are both Berry phases in the rotating frame 2 
that for two spins with isotropic Heisenberg interaction in a rotating field, it is impossible 
to construct a nontrivial two-spin unitary transformation purely based on Berry phases in 
the original frame, or based on Aharonov-Anandan phases when the gyromagnetic ratio of 
the two spins are equal. Now we see that the situation for Berry phases in the rotating 
frame is similar to that of Aharonov-Anandan phases, i.e. a nontrivial two-spin unitary 
transformation purely based on Berry phases in the rotating frame can be obtained if and 
only if the gyromagnetic ratio of the two spins are different. This explains why J-dependent 
Berry phases was experimentally observed NMR [?], for which the interaction is, precisely 
speaking, isotropic Heisenberg-like. 
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